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Low-Reynolds-Number k-¢ Modeling
of Nonstationary Solid Boundary Flows

C.B. Hwang*and C. A. Lin®
National Tsing Hua University, Hsinchu 300, Taiwan, Republic of China

Animproved low-Reynolds-number k- model is adopted to predict turbulent flows with a nonstationary bound-
ary. The performance of the adopted model is first contrasted with direct numerical simulation data of the turbulent
plane Couette-Poiseuille flow. Detailed flow structure is captured accurately by the model, in particular the reduc-
tion of the shear stress and, hence, the turbulent kinetic energy due to the presence of the moving wall. The validity
of the present model in computing complex flows within rotating disk cavities is further examined. Flows with two
different rotational Reynolds numbers are investigated, and the predicted mean and turbulence results are also
contrasted with measurements. The influence of rotation on the flowfield and turbulence modeling is investigated
by sensitizing the turbulence model coefficient to rotational Richardson number, and the effect is found to be
marginal. Because the internal flow structure of the rotating disk cavities is induced by the diffusive transport of
the tangential momentum from the rotor into the interior, the predicted thickness of the Ekman layer is found to be
critical to the correct predictions. The adopted model reproduces correctly the gradual thickening of the Ekman
layers from small to large radii, which is due to the transition from laminar to turbulent regimes, especially on the
rotor side within the disk cavities. The elevated level of turbulence on the stator side compared to that on the rotor

side is also predicted correctly by the present model.

Introduction

LOWS with a nonstationaryboundary attract considerateatten-

tion fromengineersdue to their frequentindustrial applications.
Depending on the specific device investigated, the influences of the
moving wall on the device flow structure may differ. The moving
wall of the turbulentplane Couette—Poiseuille flow, for example, can
cause the asymmetric axial velocity distribution across the channel.
Hence, because of the reduction of the shear stress at the moving
wall, the turbulent kinetic energy adjacent to the moving boundary
is severely damped.

Another typical example is the enclosed rotor—stator case, where
no external through flow is presentacross the disk boundary.Despite
the simplicity of the geometry, its flowfield is rather complex. The
internal flowfield is induced by the diffusive transport of tangential
momentum from the rotor wall into the cavity interior. Therefore, the
thin boundary layer (the Ekman layer), on the wall exerts significant
influence on the momentum transport and also heat transfer, and,
hence, intense interaction of wall and the internal flowfields exist.
Two distinct features characterize the flowfield. The first one is the
single circulating vortex caused by the imbalance of centrifugal
forces that produce the radial outflow over the rotor side and a radial
inflow over the stator side, and the second is the gradual transition
from laminar to turbulent flow when the flow travels to large radii.
An inviscid core exists between the two thin boundary layers so that
the radial velocity is virtually zero. Comprehensive discussions of
the rotating disk cavity flows can be found in Refs. 1 and 2.

Despite its geometric simplicity, numerical predictions of the en-
closedrotor—stator flowfields, for example, are restrained by various
obstacles, such as the numerical accuracy and the representationof
turbulence3~7 With the advances of computer capacity, relatively
fine grids can be achieved in the two-dimensional simulations in-
corporating higher order of discretization schemes. The remaining
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obstacle is, however, the modeling of turbulence. The effects of the
moving wall or rotation on the turbulence field and the possible co-
existence of laminar and turbulent regions make it a difficult task.
However, few of the previous proposed models are capable of repro-
ducing the complex flow characteristicsin the rotor—stator system.’
One major discrepancyis due to the failure of the models to predict
transition. The other drawback is the inadequate modeling of the
turbulence transport processes in the vicinity of the wall.

Earlier numerical investigations’ have shown that the wall func-
tion approximation does not deliver accurate resolution of the thin
Ekman layerregion. Over the years, many substitutionsfor the wall
functionapproachhad been made. However, the forms of these mod-
els were based on ad hoc adjustments of the model constants and
damping functionsto reproducethe flowfield. To remedy these draw-
backs, an improved form of low Reynolds number two-equationtur-
bulence model was proposed.® However, the model was not tested
in the rotor—stator environment’:'°

It is generally accepted that the Coriolis force can considerably
affectturbulentflows. Traditionally, these effects are investigatedby
studying parallel shear flows under orthogonal mode rotation, that
is, when the axis of rotation is either parallel or antiparallel to the
mean flow vorticity vector. Turbulence is usually suppressed if the
rotation vectoris parallel to the vorticity vector and enhancedif they
are antiparallel. This is similar to the stabilizing and destabilizing
effects for a shear flow entering a convex and a concave curvature.
Thus it was suggested that the Reynolds stress transport model is
needed to deal with the complex flows present in rotating cavity
flows.!1-13

Computations of Elena and Schiestel'? indicated that, although
the Reynolds stress transport model (RSTM) (see Hanjalic and
Launder'*) performs better at the stator side, its performance at
the rotor side is surprisingly similar to the k—e model (Launder and
Sharma'?). Both models show reduced levels of diffusion at the ro-
tor side. Therefore, the capability of the inherentinteraction of swirl
and turbulence present in the RSTM model does not seem to play
a major role. There may be another mechanism, which is absent
in the models. Elena and Schiestel'® further improved their results
by adding rotation and local vorticity sensitized empirical terms in
the k equation. The effect of this term is to increase the turbulence
level at the rotor side. It was argued that these are to model the ef-
fect of the pressure diffusion process at this region, which is absent
in the model of Hanjalic and Launder.!* Therefore, this seems to
suggestthat accurate near-wall modeling is importantin the present
rotor—stator geometry.
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However, the approaches adopted by Elena and Schiestel'® are
empirical and ad hoc treatments. On the other hand, the Reynolds
transport transport models are expensive computationally. This has
motivated the present study to examine how the proposed model®
behaves in this complex environment.

The predictive performance of the model is assessed by com-
parisons with direct numerical simulation (DNS) data and measure-
ments. The plane Couette—Poiseuille flows and the enclosedrotating
cavity flows form the basis of investigations. The plane Couette—
Poiseuille flows are designed to examine the model’s performance
to predict the reduction of the shear stress, hence, turbulence level,
at the moving wall. The enclosed rotating disk flows are adopted to
explore the turbulence model’s capability to simulate the complex
flows within the disk cavities. The effect of rotation on the flow
structure is also explored using the rotational Richardson number
approach (see Refs. 2 and 16). The present study will help to exam-
ine the influences of the refined wall modeling on these flows within
the eddy-viscosity framework.

Turbulence Modeling
Although the present applications are concerned with flows with
a nonstationary boundary, the equations are expressed using the in-
ertia frame of reference. Within the framework of eddy viscosity and
adopting the Boussinesqapproximation, the time-averagedmomen-
tum equation for high Reynolds number flow may be described as
follows (in terms of Cartesian tensor):
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where v, is the turbulent kinematic eddy viscosity.

In the present applications, the turbulence model adopted is the
k—£ model.!> When the model is applied toward the wall, the con-
tribution of molecular viscosity on the shear stress increases, and
the standardhigh-Reynolds-numberturbulence model must be mod-
ified to accountfor the diminishingeffectof the near-wall turbulence
levels. The construction of the low-Reynolds-number model is the
focus of the next section.

Near-Wall Modeling

The exact form of the transport equation for turbulent kinetic
energy can be expressed as!’
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where Dy, 7;, I, Py, and ¢ are the laminar diffusion, turbulent dif-
fusion, pressure diffusion, turbulent production, and turbulent
dissipationrate, respectively.

The commonly adoptedapproachto model the turbulentdiffusion
term and the pressure diffusion term is to adopt a general gradient
diffusion hypothesis, that is,

a | v 0k 0 (1 19 3)
—|—— | = ——\ zuwuu; | ———Cpu;
0x; [ oy 9x; 0x; \ 2 ! P 0x; Pt

Tx Mk

where oy is the Prandtl number for k.

However, this modeling practice is only appropriatein the high-
Reynolds-number regime, whereas in the near-wall region, the
asymptoticbehaviorsof the turbulentdiffusionterm and the pressure
diffusion term are different.

This can be verified by examining first the variations of the in-
stantaneous velocity components with the distance from the wall y.
Following Launder,'” this can be expressed as
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where the coefficients b;, ¢;, and d; are functions of time whose
mean value must be zero because u; = 0.

When the y-dependentturbulentquantities are inserted into the k
equation,itcan be shown that, in the near-wall region, the following
prevails:
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If the modeling of the pressure diffusion term takes the form
of Eq. (3), the contribution of the pressure diffusion process will
be absent in the near-wall region. This has profound effect on the
predicted near-wall turbulent dissipation rate level. Most models
show that the dissipationrate reachesits maximum value somewhere
inside the viscous sublayer. However, DNS data indicate that the
maximum value of dissipation rate should be located at the wall
itself. These, as argued by Kawamura,'® necessitate the inclusion of
I1, in the k equation, especially in the near-wall region. DNS data
indicate that the influences of the pressure diffusion term decay
rapidly away from the wall; therefore, IT; is modeled as'®
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where & is defined as & = 2v(d+/k/9x;) (d/k/0x;).

It is also apparent that £,, stands for the nonzero value of dissipa-
tion rate at the wall &,,. Because & approaches 0 at about y* > 15,
this formulation makes the influence of IT, confined to the wall
region.

Similar approach can be applied to model the equation of the
turbulent dissipation rate. The commonly adopted form of the &
equation can be expressed as'>

aU;é 0 0¢ o (v 0g
=—\v— )+ —| ——
0x; 0x; 0x; 0x; \ o, dx;

=2

e e
+C€1f1,PkZ_C€2f2T+... (11)

where ¢ is defined as the difference of ¢ and . The asymptotic
behavior of ¢ is

F=c—8~ 00O (12)

The advantage of this approach is that £ reaches zero at the wall
and that € equals to ¢ at about y* > 15, where & approaches 0.

In the vicinity of the wall, convection, turbulent diffusion, and
production go to zero very rapidly, and the asymptotic behavior of
the remaining term is

i|:va—g:| ~ O(1) (13)

0x;
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This necessitates the inclusion of the pressure diffusion to balance
the equation, and the form adopted is®!”

M; = —ui[éa—k} ~ O(1) (14)

0x;

The idea of the inclusion of IT; to balance the molecular diffusion
at the wall was also adopted by Kawamura,'® although with a dif-
ferent formulation. However, only the present formulation mimics
the diffusive nature of the pressure diffusion term. Furthermore, the
proposed modeled I1; also generates the extra source for ¢ in the
buffer zone, completely replacing the commonly adopted function,
Vv, (82U[/3xj8xk)(82U[/3xj Bxk).

Based on the preceding approach, an improved low-Reynolds-
number k—& model® was proposed and takes the form
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where y, = y/+/(vk/&).Here i/ (vk /&) is the Taylormicroscale,and
1, and I1; are pressure diffusion terms in the k and & equations.
The coefficients of the model are set to be C,; =1.44, C., =1.92,
fu=1—exp(—0.01y;, — 0.00SyS), o, =14—1.1exp(—y,/10),
and o; = 1.3 — 1.0exp(—y,/10).

The adoptionof y; avoids the obviousdefect, thatis, the singular-
ity occurring at the reattaching point by adopting y* = U, y/v. The
damping functions are chosen to retain the high-Reynolds-number
form away from the solid boundaries. The asymptotic values of the
turbulentPrandtl numbers o, and o; are adopted as 0.3 to obtain suf-
ficient dissipationrate in the vicinity of the wall. In the core region
of the flow, o} > o; is chosen to eliminate the common drawback
that turbulent diffusion of k overwhelms that of & (Ref. 19).

The adopted form of f, reproducescorrectlythe asymptoticlimit,
thatis, f, ocy, and, hence, —uv y3 toward the wall. The satisfac-
tion of the asymptotic limit also guarantees the correct level of ¢
with the maximum locating at the wall itself. This modification is
important to mimic properly the turbulence levels and transfer rates
as a wall is approached.

Here, the performanceof the commonly used k<~ model proposed
by Launder and Sharma (LS),!® which was rated best in the reviews
of Patel et al.?° and Savill,?! is to be contrasted with the present
model’s predictions.

Modeling Rotational Effects

In a rotating frame of reference, the momentum equation can be
expressed as
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where ¢, and ; are cyclic permutation tensor and rotating frame
vector, respectively.
To model the rotational effect on turbulence structure within the
eddy-viscosity (k—e model) framework, the proposal by Launder
et al.'® is adopted here. To account for the effects of streamline

curvature or rotation on length scale, Launder et al. proposed that
the coefficient C,, in Eq. (17) depends on the Richardson number:

Co = 1.92(1 — 0.2Ri) (19)
Following Shyy and Ebert,” the Richardson number is defined as
Ri = —2(k/€)*Qw; (20)

where w; = dU; /dx; — dU; /dx; is the vorticity vector.

It can be clearly observed that turbulence is suppressed if the
rotation vector is parallel to the vorticity vector and is enhanced if
they are antiparallel.

Numerical Algorithm

The coordinate systems adopted in the present study are either
Cartesian or cylindrical, depending on the geometry investigated.
The present numerical procedure is based on the finite volume ap-
proach and solves discretized versions of all equations over a stag-
gered finite volume arrangement. The principle of mass-flux conti-
nuity is imposed indirectly via the solution of pressure-correction
equations according to the SIMPLE algorithm.?? The flow-property
values at volume faces contained in the convective fluxes, which
arise fromthe finite volume integrationprocess,are approximatedby
the quadratic upstream-weighted interpolation scheme QUICK.?
The solution process consists of a sequential algorithm in which
each of the six sets of equations, in linearized form, is solved sepa-
rately by application of the CGSTAB solver2*

At the wall, all of the variables are set to zero, apart from the
moving wall velocity, which is set to the same value with the wall
or disk’s velocity. The treatments at the axis of symmetry simply
involve the prescribed zero-gradient conditions for all quantities
except the radial velocity, which is zero.

Convergence is judged by monitoring the magnitude of the ab-
solute residual sources of mass and momentum, normalized by the
respective inlet fluxes. The solution is taken as having converged
when all residuals fall below 0.5%.

Results and Discussion
Turbulent Plane Couette-Poiseuille Flow

Attention is first focused on the effects of the moving wall on
the detailed turbulence quantities. Here, the performance of the pro-
posed model is validated against the DNS data for the fully devel-
oped plane Couette—Poiseuille flow (see Ref. 25). The schematic of
the flow is shown in Fig. 1, where the top wall is at rest and the bot-
tom wall is moving at a constantspeed U,,. The Reynolds numbers,
based on the channel half-width é and the bottom wall velocity, are
1800, 2640, and 3000, respectively. Grid densities of sizes 60 and
100 in the direction normal to the wall are used to check the grid
independence.Both grids generate similar results; therefore, the 60
grid is adopted. The first grid node near the wall is placed at y* < 1,
to ensure the adequate resolution of the viscous sublayer.

The influence of the moving wall on the flow can be seen by
the asymmetric axial velocity U distribution across the channel, as
shownin Fig. 2, where the location of the maximum axial velocity is
observed to shift toward the moving wall. The velocity distribution
near the top wall is similar to that obtained from the fully developed
channel flow. However, a markedly different profile is observed
at the moving wall region, and the velocity distributions are well
predictedby the proposedmodel, thoughthereis aslightdiscrepancy
in the case with higher wall velocity. Notably, U,, and U,, are
velocities at the top and bottom walls, respectively.

Top Fixed Wall
[ 4
l Ud dP 35
Yt v dxpuz
25 CP1 1800 0.00434
Yo CP2 2640 0.00186
? CP3 3000 0.00133
~—> U,
Bottom Moving Wall

Fig.1 Geometry of turbulent plane CP flow.
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Fig.4 Turbulence kinetic budget CP2 case, top wall.

Because of the reduction of the shear stress at the moving wall,
the turbulent kinetic energy adjacent to the bottom wall is severely
damped, as can be seen in Fig. 3, compared to the k at the top wall.
Finally, the performance of the proposed model can be ascertained
by observing the turbulent kinetic energy budgets for the second
Couette—Poiseuille (CP2) case, as shown in Figs. 4 and 5.

Rotating Disk Flows

Computations are further applied to rotating disk flows at two
differentrotational Reynolds numbers to examine the performance
of the turbulence models. The geometries of the enclosed disk cav-
ities are shown in Figs. 6 and 7. These consist of a stationary and
a rotating disk. Predictions focus on cases in which the rotational
Reynolds numbers (Re, = Qb2 /v) are 6.9 x 10° and 1.0 x 10°. No-
tably, the measurements of Itoh et al.2® indicated that the turbulence
on the rotor side is severely damped under that on the stator side.
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Fig.5 Turbulence kinetic budget CP2 case, bottom wall.
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Fig.7 Geometry of Itoh et al.%® case.

Numerical meshes, of sizes 100x 100, 120 x 150, and
150 x 170, are nonuniformin both the x and y directions. The first
grid node near the wall is placed at y* < 1, to ensure the adequate
resolution of the viscous sublayer. Preliminary computations of the
Itoh et al. case® indicate that these three grids predict essentially
the same results. The present grid test will be representativebecause
the rotational Reynolds number of the present case exceeds that
by the Daily et al.?” Therefore a grid density of 100 x 100 is adopted
in the computations. The predicted results will be contrasted with
measurements by Daily et al.?’ and Itoh et al.?®

As stated earlier with reference to the rotor—stator cavity flow,
the computations of Elena and Schiestel'>!* showed that the perfor-
mance of the Reynolds stress transportmodel is surprisingly similar
to thatof the eddy-viscositymodel on the rotor side, where areduced
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level of diffusive transportis predicted. To further pursue the effect
of rotation on the flowfield and the turbulence modeling within the
eddy-viscosityframework, the rotational Richardsonnumberis used
to sensitize the k—e model to rotations.

Figure 8 shows the predicted results of the Itoh et al. case?®
adopting the present model with and without Richardson number
modification. The influence of rotation on the turbulence modeling
is clearly negligible. Therefore, in subsequent computations, the
Richardson number will not be adopted in the model.

Daily et al.*” Case: Reg =6.9 x 10°

The case addressed by Daily et al.,2” for which mean flow mea-
surementsare available at severalradial locations,is first considered.
The response to the representationof turbulenceis best exemplified
by observing the variation of the radial velocity V, and tangential
velocity Vj. Outside the thin Ekman layers, the fluid possesses no
radial component,as shownin Fig. 9. The tangential velocity, shown
in Fig. 10, is seen to remain uniform throughoutthe core region and
varies steeply across the thin near-wall regions.

The LS model shows that the predicted maximum radial veloci-
ties on both the rotor and stator sides are similar. This result is not
consistent with the measurements, which show that the radial veloc-
ity is maximum on the rotor side, due to the lower level of turbulence
presentin this region. However, the proposed model correctly cap-
tures this phenomenon, although there is a discrepancy on the rotor
side in the region r/b > 0.6, where the model predicts a slightly
reduced level of diffusive transport across the Ekman layers.

With reference to the tangential velocity at r/b = 0.47, shown in
Fig. 10a,the level of the diffusivetransportpredictedby the proposed
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Fig. 10 Tangential velocity profiles at various r/b.
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model is further supported by the measurements. The LS model
predicts a slightly lower level of entrained tangential component to
the cavity interior than was measured. At /b = 0.65, both models
predictalower tangential velocityin the core region than is indicated
by the measurements. In the region r/b =0.83, comparisons with
measurements indicate that the proposed model shows a correct
tangential velocity, whereas the LS model predicts a low tangential
velocity.

Itoh et al¥’ Case: Reg = 1.0 x 10°
This case corresponds to a higher rotational number, such that a
transition occurs at lower radii than that in the case considered by
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Fig. 11 Radial velocity profiles at various r/b.

Daily et al.”’ Figure 11 shows the variations of the radial velocity
V,. Notably, the predictions of the LS model are taken from the
computations of Elena and Schiestel.'?

On the stator side, the present model predicts correctly the devel-
opment of the Ekman layer, whereas the LS model returns a laminar
profile. This LS model behavior was also observed by Morse* and
Elena and Schiestel.!”> On the rotor side, the measurements indi-
cate a gradual thickening of the Ekman layers from small to large
radii because of the transition from laminar to turbulent regimes.
The presentmodel does capture this phenomenon, althoughat small
radii, the predicted Ekman layer s too thick, especiallyatr/b =0.4.
The LS model predictstoo thin Ekman layer on the rotor side, except
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Fig. 12 Tangential velocity profiles at various r/b.
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atr/b = 0.4, where the model correctly predicts the thickness of the
Ekman layer.

At r/b=0.4, the flow is laminar due to the relatively low local
Reynolds number, and the measurements show that the core fluid
rotates at a tangential velocity (V,/r2) of about 0.3. Figure 12a
reveals that the tangential velocity at r/b =0.4 predicted by the
LS model compares favorably with the measured data, whereas the
present model shows a higher entrained momentum from the rotor
side at this location. This result is consistent with the thickness of
the Ekman layer previously predicted by the models, as shown in
Fig. 11a, indicating that the present model shows a higher level of
diffusive transport and, hence, a turbulent state at this region.

When the Ekman layers are fully turbulent, the core fluid rotates
with a uniform tangential velocity of approximately 40% of that of
the rotor, as shown in Figs. 12b—12d. The present model accurately
predicts the variation of the tangential velocity in these regions,
whereas the LS model shows too low and too high tangential veloc-
ities at 7/b = 0.6 and 0.93, respectively.

The Ekman layer was stated earlier to be turbulent on the stator
side, and the turbulenceis dampedon the rotor side. These claims can
be verified by observing the polar profiles on the hodograph plane
at r/b =0.8 shown in Fig. 13. Figure 13 describes the behavior of

0.4

present rotor

b) w

rel

/WI'L'

Fig. 13 Polar plots of velocity distribution at /b = 0.8; tangential ve-
locity relative to the wall, W, and value of W, at midpoint between
rotor and stator, W,..

O Ttoh et al.
present

kT

Fig.14 Kinetic energy profile in the stator boundary layer atr/b =0.8.

the three-dimensional boundary layers on the rotor side and stator
side, respectively. The dash—dot lines represent the Batchelor-type
laminar flow solutions for infinite rotating disks.?® Near the rotor,
the results of the present model fall very close to the laminar solution
and the measurements.In contrast,on the stator side, the polar profile
calculatedfrom the presentmodel shows a better agreement with the
measurements and differs significantly from the laminar solution.
These results suggest that the flow is more turbulent on the stator
side than on the rotor side, as predicted correctly by the proposed
model.

Figure 14 compares the turbulent kinetic energy profiles at
r/b = 0.8 near the stator wall. The proposed model produces correct
turbulent kinetic energy distributions near the stator wall. In strong
contrast, the LS model shows a reduced level of turbulence. This
resultis not surprising, and is reflected by the predicted thin Ekman
layer by the LS model, presented in Fig. 11.

Conclusions

An improved low-Reynolds k—€ model is applied to simulate
the turbulent flows with nonstationary walls. Major features of the
model include the adoption of the Taylor microscalein the damping
function and the inclusion of the pressure diffusion terms in both the
k and ¢ equations. The importance of the refined wall modeling is
first examined using the DNS data of turbulent plane CP flows. The
detailed flow structure is captured accurately by the model, in par-
ticular the reduction of the shear stress and, hence, turbulent kinetic
energy due to the presence of the moving wall. The proposed model
is further applied to enclosed rotating disk flows at two different
rotational Reynolds numbers to examine the capability of the model
in complex flows. The influence of rotation on the flowfield and the
turbulence modeling is investigated by sensitizing the turbulence
model coefficient to the rotational Richardson number. The effect
is found to be marginal. The internal structure is induced by the
diffusive transport of the tangential momentum from the rotor into
the interior. Therefore, the predicted thickness of the Ekman layer is
found to be critical to the correct predictions. The model correctly
reproduced the gradual thickening of the Ekman layers from small
tolarge radii, due to the transitionfrom laminar to turbulentregimes,
especially on the rotor side within the disk cavities. The elevated
level of turbulence on the stator side compared to that on the rotor
side is also predicted correctly by the present model. Conversely,
the LS model shows reduced diffusive transporton both sides of the
Ekman layers, indicating the importance of refined wall modeling.
However, for the case with the elevatedrotational Reynolds number,
the present model does return excessive diffusive transport at small
radii of the disk cavity, where the flow should be transitional.
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